Assessment of certain higher-order structural models based on global
  approach for bending analysis of curvilinear composite laminates by Venkatachari, Anand et al.
ar
X
iv
:1
40
7.
71
71
v1
  [
co
nd
-m
at.
mt
rl-
sc
i] 
 27
 Ju
l 2
01
4
Assessment of certain higher-order structural models based on global approach for
bending analysis of curvilinear composite laminates
Anand Venkatacharia,c,1, S Natarajanb,2,∗, K Ramajeyathilagamc , M Ganapathia
aTech Manhindra Ltd., Electronic City, Bangalore - 560100, India.
bSchool of Civil & Environmental Engineering, The University of New South Wales, Sydney, NSW 2052, Australia
cSchool of Aeronautical Sciences, Hindustan University, Keelambakkam, Chennai-603103, India.
Abstract
In this paper, the performance of different structural models based on global approach in evaluating the static
response of curvilinear fibre composite laminates is analyzed. A Co shear flexible Quad-8 element developed
based on higher-order structural theory is employed for the present study. The structural theory accounting for
the realistic variation of displacements through the thickness and the possible discontinuity in the slope at the
interface is considered. Four alternate discrete structural models, deduced from the generic structural model
by retaining various terms in the displacement functions are examined for their applicability. The accuracy of
the present formulation is demonstrated considering the problems for which analytical solutions are available. A
systematic numerical study, assuming different ply-angle and lay-up, is conducted in bringing out the influence of
various structural models on the static response of composite laminates with curvilinear fibres.
Keywords: Higher-order accurate theory, shear flexible element, variable stiffness composite laminate, static
bending, vibration
1. Introduction
The need for high strength-to and high stiffness-to-weight ratio materials has led to the development of laminated
composite materials. This class of material has seen increasing utilization as structural elements and as primary
structures of large-scale aerospace structures [1]. This is because of the possibility to tailor the properties to
optimize the structural response. Conventionally, the fibre reinforced composites have straight and unidirectional
fibres. In this type of construction, the stiffness of the laminate does not vary in the domain. However, recently,
the composite materials with varying stiffness has received greater interest, as they may lead to better and efficient
design [2, 3, 4, 5]. The stiffness of the composite material can be varied by: (a) using curvilinear fibres [2]; (b)
varying the volume fraction or varying the fibre spacing [6]; (c) dropping or adding plies to the laminate [7] and
(d) attaching discrete stiffeners to the laminates [8]. Among these concepts related to variable stiffness composite
laminates (VSCL), the approach of curvilinear fibre does not introduce major geometry variations, it however
does impose the constraint on the curvature of the fibre. In the following, we restrict ourselves to work related to
composite laminates with curvilinear fibres. Laminates with curvilinear fibres offers a wider degree of possibilities
than variations of rectilinear fibre volume fraction and provides a solution to the problem of continuity when
manufacturing a structure with different fibre angles in adjoining element. Furthermore, it exhibits a way to
diminish the stress concentration in cutouts. Hyer and Lee [2] introduced the concept of variable stiffness panels
to improve the structural response of panels with holes. Gu¨rdal and Olmedo [9] studied the in-plane response
of VSCL. Although the concept of tailored fibre orientation was developed in the nineties, the design based on
VSCL has recently spurred interest among researchers [10, 11, 12, 13, 14, 15, 16] due to the improvement in the
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manufacturing capability [17, 18]. Kim et al., [17, 18] have demonstrated a process to manufacture variable angle
composites. When composite laminates are modelled as plate structures, with VSCL, the plate stiffness coefficients
vary with spatial coordinates. Such laminates not only have variable in-plane stiffness, in general may possess
variable bending and coupling stiffness.
Abdallla et al., [10] by employing the classical lamination theory and the generalised reciprocal approximation,
maximized the fundamental frequency of composite laminates. Their study showed that by employing VSCL
significant increase in the fundamental frequency is achieved when compared to constant stiffness panels. This was
later extended to study nonlinear dynamic response of VSCL. By using the p−version finite element, Akhavan and
Ribeiro [11] studied the fundamental frequencies and mode shapes of laminated composites with curvilinear fibres.
It was inferred that VSCL introduces greater degree of flexibility in adjusting the frequencies and mode shapes.
Honda and Narita [12, 20], studied the fundamental frequency of VSCL by employing classical plate theory.
It was shown that the mode shapes of VSCL are significantly different from the constant stiffness laminated
composites. Houmat [13] investigated the nonlinear free vibration of laminated rectangular plates with curvilinear
fibres. Groh and Weaver [14] and Raju et al., [15, 21] studied buckling of variable thickness curvilinear fibre
panel using differential quadrature method. It was inferred that for VSCL shell-like description more accurately
characterizes the buckling phenomenon than a plate-like description. A 2D analytical model based on equivalent
single-layer formulation introduced recently in [22] in predicting the static response of curvilinear fibre laminates
and the governing equations were solved by employing the differential quadrature method. Akhavan et al., [16, 23]
employed the p−version finite element and studied the response of laminated composites with curvilinear fibres
under static and dynamic loads. The plate kinematics was represented by third-order shear deformation theory.
It is evident from the literature that the dynamic response of VCSL has received greater attention, whilst, the
studies on the static characteristics of VSCL structural elements are limited. The existing studies employed either
classical lamination theory, first order or the third order shear deformation theory. However, these theories have
limitation when employed to study the response of curvilinear fibre laminated composites. More accurate ana-
lytical/numerical models based on the three-dimensional models can be computationally involved and expensive.
A layer wise theory is a possible candidature for this purpose, but it may be computationally expensive as the
number of unknowns to be solved increases with increasing number of mathematical or physical layers. Hence,
among the researchers, there is a growing appreciation of the importance of applying two-dimensional theories with
new kinematics for accurate analysis. It is observed from the literature [24, 25, 26] that, for realistic structural
analysis of laminated composites, higher-order theory with the inclusion of zig-zag function is necessary. The
zig-zag function incorporated in the in-plane kinematics has been employed in [24, 25, 26, 27] to study laminated
composites. Makhecha et al., [26] used higher-order accurate theory based on global approach for multilayered
laminated composites by incorporating the realistic through the thickness approximations of the in-plane and
transverse displacements by adding a zig-zag function and higher-order terms, respectively. A 8-noded quadri-
lateral element with 13 degrees of freedom per node was employed for the study. Recently, some researchers
have attempted to combine the single layer and discrete layer theories to overcome the limitations of each one.
Carrera [28] derived a series of axiomatic approaches for the general description of two-dimensional formulations
for multilayered plates and shells. The formulation is a valuable tool for gaining a deep insight into the complex
mechanics of laminated structures. In the same spirit, the main objective of this paper is to study the static
response of laminated composites with curvilinear fibres. From the higher-order accurate theory, four alternate
structural models are deduced by deleting the appropriate degree of freedom. A Co shear flexbile quadrilateral
8-noded element is used for the present study.
The paper commences with a discussion on the variable stiffness composite laminates. Section 3 presents an
overview of the higher-order accurate theory to describe the plate kinematics. The various structural models
deduced from the higher-order accurate theory and the element employed to discretize the plate is discussed in
Section 4. The influence of various structural models on the deflection and through thickness stress distribution is
numerically studied for three layered symmetric and four layer anti-symmetric composite laminate with curvilinear
fibers in Section 5, followed by concluding remarks in the last section.
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2. Curvilinear fibre composite laminate
In the conventional laminated composites, the fibres are straight and the stiffness of the laminate is constant in
the in-plane direction. However in the current study we employ curvilinear fibres. In this type of construction, the
fibre path is not straight, instead it is a function of the spatial coordinates, i.e., the fibre path cannot be described
by a single orientation. The main advantage is that the resulting stiffness is a function of the spatial coordinate as
well. It is assumed that the fibre path varies linearly with x from a orientation To at the center to T1 at a distance
a/2 from the center, where a is the total length of the laminate. The orientation of a single fibre is denoted by
φ± 〈To/T1〉, where φ denotes the rotation of the fibre path with respect to the x− axis. The reference fibre path
is given by [13]:
y =


a
2(T1−To)
{
−ln[cos To] + ln
[
cos
(
To −
2(T1−To)x
a
)]}
for −a/2 ≤ x ≤ 0
a
2(T1−To)
{
ln[cos To]− ln
[
cos
(
To +
2(T1−To)x
a
)]}
for 0 ≤ x ≤ a/2
(1)
Figure (1) shows a reference fibre path based on the above equation and the shifted fibres. In this study, the fibre
orientation is assumed to be just a function of x and is given by [13]:
θ(x) =


−2
a (T1 − To)x+ To for − a/2 ≤ x ≤ 0
2
a(T1 − To)x+ To for 0 ≤ x ≤ a/2
(2)
where T0 and T1 are the fibre angles at the ply centre, x = 0 and at the ends x = ±a/2, respectively and is denoted
by < T0, T1 >.
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Figure 1: Reference fibre path (’dashed line’) and the shifted fibres (’solid line’) for a laminae.
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The curvature κ is given by:
κ =
d2y
dx2[
1 +
(
dy
dx
)2]3/2 (3)
The curvature of the fibre path in the positive x axis is found by substituting the first and the second derivatives of
the fibre path in Equation (3). At each point along the fibre path, the curvature must be less than the maximum
prescribed value of 3.28 m−1 [29, 13]. Figure (2) shows the design space for curvilinear fibre composite laminates.
If at any spatial coordinate, the fibre curvature constraint is not satisfied, the corresponding fiber orientation is
discarded.
Figure 2: Curvilinear fibre composite laminate: design space. The ‘dark’ shaded region depicts the fibre path that satisfies the curvature
constraint. The values of fibre orientation, To and T1 are in degrees.
3. Higher order accurate theory
A curvilinear fibre composite plate is considered with the coordinates x, y along the in-plane directions and z along
the thickness direction. The in-plane displacements usk and vk, and the transverse displacement wk for the kth
layer, are assumed as [25, 26]:
uk(x, y, z, t) = uo(x, y, t) + zθx(x, y, t) + z
2βx(x, y, t) + z
3φx(x, y, t) + S
kψx(x, y, t)
vk(x, y, z, t) = vo(x, y, t) + zθy(x, y, t) + z
2βy(x, y, t) + z
3φy(x, y, t) + S
kψy(x, y, t)
wk(x, y, z, t) = wo(x, y, t) + zw1(x, y, t) + z
2Γ(x, y, t) (4)
The terms with even powers of z in the in-plane displacements and odd powers of z occurring in the expansion for
wk correspond to the stretching problem. However, the terms with odd powers of z in the in-plane displacements
and the even ones in the expression for wk represent the flexure problem. uo, vo and wo are the displacements of
a generic point on the reference surface; θx and θy are the rotations of the normal to the reference surface about
the y and x axes, respectively; w1, βx, βy ,Γ, φx and φy are the higher-order terms in the Taylor‘s series expansions,
defined at the reference surface. ψx and ψy are generalized variables associated with the zigzag function, S
k. The
4
zigzag function, Sk, as given in [24, 26, 30], is defined by
Sk = 2(−1)k
zk
hk
(5)
where zk is the local transverse coordinate with the origin at the center of the k
th layer and hk is the corresponding
layer thickness. Thus, the zigzag function is piecewise linear with values of -1 and 1 alternatively at different
interfaces. The ‘zig-zag’ function, as defined above, takes care of the inclusion of the slope discontinuities of u
and v at the interfaces of the laminated plate as observed in the exact three-dimensional elasticity solutions of
thick laminated composite plates. The main advantage of using such formulation is that such a function is more
economical than a discrete layer approach [31, 32]. The strains in terms of mid-plane deformation, rotations of
normal and higher-order terms associated with displacements are:
ε =
{
εbm
εs
}
−
{
εt
0
}
(6)
The vector εbm includes the bending and membrane terms of the strain components, vector εs contains the
transverse shear strain terms and εt contains the vector of thermal strains. These strain vectors are defined as:
εbm =


εxx
εyy
εzz
γxy


+


u,x
v,y
w,z
u,y + v,x


= ε0 + zε1 + z
2
ε2 + z
3
ε3 + S
k
ε4 (7)
εs =
{
γxz
γyz
}
=
{
u,z + w,x
v,z + w,y
}
= γo + zγ1 + z
2γ2 + S
k
,zγ3 (8)
where
εo =


uo,x
vo,y
w1
uo,y + vo,x


, ε1 =


θx,x
θy,y
2Γ
θx,y + θy,x


,
ε2 =


βx,x
βy,y
0
βx,y + βy,x


, ε3 =


φx,x
φy,y
0
φx,y + φy,x


,
ε4 =


ψx,x
ψy,y
0
ψx,y + ψy,x


. (9)
and,
γo =
{
θx + wo,x
θy + wo,y
}
, γ1 =
{
2βx + w1,x
2βy + w1,y
}
,
γ2 =
{
3φx + Γ,x
3φy + Γ,y
}
, γ3 =
{
ψxS
k
,z
ψyS
k
,z
}
. (10)
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The subscript comma denotes partial derivatives with respect to the spatial coordinate succeeding it. The thermal
strain vector, εt is given by:
εt =
{
εxx εyy εzz εxy εyz εxz
}T
= ∆T
{
αxx αyy αzz αxy 0 0
}T
(11)
where ∆T is the rise in the temperature and is generally represented as a function of the spatial coordinates,
αxx, αyy, αzz and αxy are thermal expansion coefficients in the plate coordinates and can be related to the thermal
expansion coefficients in the material principal directions. The constitutive relations for an arbitrary layer k can
be expressed as:
σ =
{
σxx σyy σzz τxz τyz τxy
}T
= Q
k {
εbm εs
}T
−Q
k
εt (12)
where the terms of Q
k
of kth ply are referred to the laminate axes and can be obtained from the Qk matrix
corresponding to the fibre directions with the appropriate transformations. The transformed stiffnesses are constant
in a straight fibre laminate whilst for a curvilinear fibre laminate, it is a function of spatial coordinates (x, y). The
strain energy function U is given by
U(δ) =
1
2
∫∫ 
n∑
k=1
hk+1∫
hk
σ
T
ε dz

 dxdy −
∫∫
qw dxdy (13)
where δ is the vector of degrees of freedom and q is the distributed force acting on the top surface of the plate. By
following the Galerkin procedure outlined in [33], one obtains the following governing equations for static deflection
Kδ = fm + ft (14)
whereK is the global stiffness matrix and fm and ft are the global mechanical and thermal load vectors, respectively.
4. Element description
In this paper, Co continuous, eight-noded serendipity quadrilateral shear flexible plate element is used. The finite
element represented as per the kinematics based on Equation (4) is referred to as HSDT13 with cubic variation.
The 13 dofs are: (uo, vo, wo, θx, θy, w1, βx, βy,Γ, φx, φy, ψx, ψy). Four more alternate discrete models are proposed
to study the influence of higher-order terms in the displacement functions, whose displacement fields are deduced
from the original element by deleting the appropriate degrees of freedom. These structural models, and the
corresponding degrees of freedom are listed in Table 1
Table 1: Structural models employed in this study for describing the plate kinematics.
Finite element model Degrees of freedom per node
HSDT13 uo, vo, wo, θx, θy, w1, βx, βy ,Γ, φx, φy, ψx, ψy
HSDT11A uo, vo, wo, θx, θy, βx, βy, φx, φy, ψx, ψy
HSDT11B uo, vo, wo, θx, θy, w1, βx, βy ,Γ, φx, φy
TSDT7 uo, vo, wo, θx, θy, βx, βy
FSDT5 uo, vo, wo, θx, θy
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5. Numerical results and discussion
In this section, the static bending response of curvilinear fibre composite laminated plates using the eight-noded
shear flexible quadrilateral element is presented. The effect of various parameters, such as the plate thickness,
the ply-angle and the lay-up sequence on the global response is numerically studied considering mechanical and
thermal loads. Here, the laminate is assumed to be simply supported with movable boundary conditions. For the
higher-order structural theory (HSDT13), the boundary conditions are given by:
uo = wo = θx = w1 = Γ = βx = φx = ψx = 0, on y = 0, b
vo = wo = θy = w1 = Γ = βy = φy = ψy = 0, on x = 0, a (15)
where a and b refer to the length and width of the plate, respectively. The transverse shear stresses are evaluated
by integrating the three-dimensional equilibrium equations for all types of elements. The material properties,
unless otherwise specified, used in the present analysis are:
EL/ET = 25, GLT /ET = 0.5, GTT /ET = 0.2
νLT = 0.25, αT /αL = 1125, αL = 10
−6
ET = 10
9GPa (16)
where E,G and ν are Young’s modulus, shear modulus and Poisson’s ratio, respectively. L and T are the longi-
tudinal and transverse directions, respectively, with respect to fibres. All the layers are of equal thickness and the
ply angle is measures with respect to the x-axis. For the present study, the following two types of loadings are
considered:
• Mechanical loading: q(x, y) = qo sin
pix
a sin
piy
b ,
• Thermal loading: ∆T (x, y) = T o
(
2z
h
)
sin pixa sin
piy
b
where qo and T o are the amplitude of the mechanical load and the thermal load, respectively. The physical
quantities are non-dimensionalized by relations, unless stated otherwise:
(u, v) =
100E
T
qohS3
(u, v)
w =
100ET
qohS4
w
σxx =
σxx
qoS2
τxz =
τxz
qoS
(17)
for the applied mechanical load and by
(u, v) =
ET
hαLT oS
(u, v)
w =
ET
hαLT ohS2
w
σxx =
σxx
ETαLT o
τxz =
τxz
ETαLT o
(18)
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for the applied thermal load, where the ET , αL are the Young’s modulus and the co-efficient of thermal expansion
of the laminated composite in the transverse and longitudinal directions, respectively, and S = a/h. Considering
different types of four-layered curvilinear fibre laminates, the convergence study is carried out by decreasing the
mesh size and the results are presented in Table 2 for both thick and thin plates (a/h = 5 and a/h = 50) by
employing both the first- and higher-order (FSDT5, HSDT13) structural models. A very good convergence of the
results is observed with decreasing element size. For the problem considered here, a structured quadrilateral mesh
with 6×6 mesh is found to be adequate to model the full plate.
Before proceeding with the detailed investigation, the efficacy of the present formulation is validated considering the
static response of cross-ply straight fibre laminates subjected to mechanical and thermal loads. The results obtained
with the present formulation are shown in Tables 3 - 4 for different plate side to thickness ratios. It is observed
that the results from the present formulation agree very well with the results available in the literature [34]. Next,
the various structural models proposed here are tested considering curvilinear fibre composite laminates subjected
to mechanical load for which results are available in the literature [22]. The maximum transverse displacements
calculated are tabulated in Table 5 for various plate side to thickness ratios. It can be observed from this Table
that the present results are found to be in excellent agreement with those reported in the literature [22] and it may
be further inferred that the performance of the present HSDT13 structural model is better than the analytical
model and 2D element employed in [22].
A systematic parametric study is further conducted to examine the suitability of an appropriate structural theory
using different structural models deduced from the present formulation as given in Table 1. The computed results
pertaining to maximum displacements and stresses for different plate side to thickness ratios and curvilinear
fibre angles (〈To/T1〉) are highlighted in Tables 6 - 7. For the present study, a three-layered symmetric laminate
configuration is considered. It is observed from the Tables 6 - 7 that, for the mechanical load case, the higher-order
model, HSDT11A, is in close agreement with HDST13 in predicting the displacements, whereas, for the thermal
loading case, the higher-order model HSDT11B is in close agreement with the HSDT13. However, depending on
the curvilinear ply-angle and the plate aspect ratio, the stress values predicted either by HSDT11A or HSDT11B
are close to the values of full model, HSDT13. Also, it may be opined that the influence of lower-order theories,
HSDT7 and FSDT5 underestimates the deflection and are somewhat different from those of HSDT13 and HSDT11
(HSDT11A and HSDT11B). The displacements and the stress distribution through the thickness are shown in
Figures 3 - 4 for thick laminate with curvilinear ply-angle (〈 45◦/-45◦〉). The in-plane displacement is continuous
through the thickness whereas the transverse displacement varies quadratically through the thickness. Also, it
can be seen that the slope of the in-plane displacements shows discontinuity at the interface as expected. From
Tables 3-4 and Tables 6 - 7, one can opine that, for the straight fibre laminates, either HSDT11A or HSDT11B
may in general be employed depending on the loading types (mechanical or thermal), however, for curvilinear
case, HSDT13 may have to be used for accurate results. Furthermore, it is observed that the differences in the
performance among various theories are more for curvilinear case compared to the straight fibre case. It can be
further noted that the lower order models (HSDT7 and FSDT5) cannot predict the through thickness variation of
displacements.
Similar study is made considering four-layered anti-symmetric laminates and the maximum displacements and
stresses evaluated considering both mechanical and thermal loads are presented in Tables 8 - 9. The displacement
and stress plots through the thickness of the laminate are depicted in Figures 5 - 6 for mechanical and thermal
loads, respectively. The behaviour of different structural models are qualitatively similar to those of symmetric
case. However, from Figures 3 - 6, it is seen that the variation of stresses through the thickness predicted by
lower-order theories are very much quantitatively different from those of symmetric case.
6. Conclusion
The performance of various structural models in predicting the static response of curvilinear fibre composite
laminates is examined considering various parameters such as ply-angle, lay-up sequence, plate side to thickness
ratio and loadings. From a detailed investigation, the following observations can be made:
• HSDT11A predicts accurately the in-plane and transverse deflection of the curvilinear laminates subjected to
8
Table 2: Convergence study with mesh size for a four-layered curvilinear fibre composite plate under sinusoidally distributed pressure
load.
a/h To/T1 Mesh size Structural model
(◦) HSDT13 FSDT5
w τxz σxx w τxz σxx
5
[0± 〈45/0〉]s
2×2 1.039 0.524 0.155 0.960 0.493 0.176
4×4 1.277 0.296 0.360 1.189 0.333 0.252
6×6 1.300 0.234 0.372 1.202 0.259 0.263
8×8 1.305 0.198 0.378 1.204 0.210 0.268
16 ×16 1.305 0.196 0.379 1.204 0.210 0.270
[0± 〈0/45〉]s
2×2 0.851 -0.161 0.539 0.850 -0.134 0.393
4×4 1.179 0.153 0.372 1.125 0.254 0.321
6×6 1.204 0.182 0.408 1.138 0.248 0.314
8×8 1.210 0.228 0.414 1.141 0.298 0.313
16 ×16 1.211 0.232 0.416 1.142 0.302 0.311
[0± 〈90/0〉]s
2×2 0.918 0.750 0.065 0.861 0.692 0.053
4×4 1.267 -0.037 0.096 1.204 0.022 0.093
6×6 1.307 -0.070 0.102 1.239 0.033 0.097
8×8 1.318 -0.080 0.103 1.248 0.032 0.095
16 ×16 1.319 -0.085 0.104 1.248 0.031 0.092
50
[0± 〈45/0〉]s
2×2 0.466 0.417 0.149 0.434 0.374 0.244
4×4 0.444 0.289 0.301 0.443 0.299 0.275
6×6 0.445 0.285 0.277 0.443 0.283 0.277
8×8 0.445 0.273 0.287 0.444 0.275 0.281
16 ×16 0.445 0.270 0.291 0.444 0.272 0.280
[0± 〈0/45〉]s
2×2 0.296 0.150 0.426 0.287 0.154 0.407
4×4 0.322 0.207 0.384 0.319 0.260 0.390
6×6 0.324 0.235 0.391 0.321 0.241 0.381
8×8 0.325 0.249 0.376 0.322 0.299 0.378
16 ×16 0.325 0.252 0.372 0.323 0.303 0.375
[0± 〈90/0〉]s
2×2 0.413 0.475 0.036 0.388 0.428 0.033
4×4 0.445 0.068 0.047 0.439 0.073 0.049
6×6 0.454 0.097 0.062 0.451 0.087 0.061
8×8 0.454 0.057 0.064 0.452 0.064 0.063
16 ×16 0.455 0.055 0.065 0.452 0.060 0.064
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Table 3: Comparison of deflection and stresses for a three-layered cross ply simply supported square plate subjected to sinusoidally
distributed mechanical load against elasticity solution [34].
a/h u(−a/2, 0, h/2) v(0,−a/2, h/2) w(0, 0, h/2) σxx(0, 0, h/2) τxz(−a/2, 0, 0)
4
HSDT13 -0.977 -2.275 2.094 0.825 0.245
HSDT11A -0.977 -2.332 2.027 0.805 0.247
HSDT11B -0.967 -2.178 1.993 0.816 0.270
Elasticity [34] -0.969 -2.281 2.006 0.755 0.256
10
HSDT13 -0.745 -1.103 0.752 0.611 0.344
HSDT11A -0.750 -1.112 0.755 0.613 0.345
HSDT11B -0.736 -1.049 0.715 0.604 0.353
Elasticity [34] -0.735 -1.099 0.753 0.590 0.357
20
HSDT13 -0.699 -0.796 0.516 0.569 0.373
HSDT11A -0.700 -0.798 0.517 0.570 0.373
HSDT11B -0.696 -0.779 0.505 0.567 0.376
Elasticity [34] -0.693 -0.794 0.516 0.553 0.383
50
HSDT13 -0.682 -0.697 0.445 0.555 0.384
HSDT11A -0.682 -0.697 0.445 0.555 0.384
HSDT11B -0.681 -0.694 0.443 0.554 0.385
Elasticity [34] -0.680 -0.697 0.445 0.541 0.393
Table 4: Comparison of deflection and stresses for a three-layered cross ply simply supported square plate subjected to sinusoidally
distributed thermal load against elasticity solution [34].
a/h u(−a/2, 0, h/2) v(0,−a/2, h/2) w(0, 0, h/2) σxx(0, 0, h/2) τxz(−a/2, 0,−h/6)
4
HSDT13 -18.069 -81.010 42.331 1216.860 82.926
HSDT11A -14.457 -77.187 26.222 919.206 85.649
HSDT11B -18.396 -75.714 42.040 1239.820 87.841
Elasticity [34] -18.110 -81.830 42.330 1183.000 84.810
10
HSDT13 -16.738 -31.687 17.374 1067.370 58.920
HSDT11A -16.046 -30.991 14.656 1009.980 58.621
HSDT11B -16.689 -29.978 16.901 1062.050 60.113
Elasticity [34] -16.610 -31.950 17.390 1026.000 60.540
20
HSDT13 -16.255 -20.183 12.116 1018.480 33.164
HSDT11A -16.076 -20.003 11.428 1003.610 32.855
HSDT11B -16.229 -19.694 11.961 1016.050 33.365
Elasticity [34] -16.170 -20.340 12.120 982.00 33.980
50
HSDT13 -16.039 -16.651 10.493 998.252 13.807
HSDT11A -16.010 -16.622 10.383 995.838 13.663
HSDT11B -16.032 -16.569 10.466 997.641 13.823
Elasticity [34] -16.020 -16.710 10.500 967.500 14.070
10
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Figure 3: The variation of non-dimensional deflections and stresses through the thickness of a three-layered symmetric curved fibre
composite laminate under sinusoidally distributed mechanical load with a/h = 5, To = -45
◦, T1 = 45
◦.
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Figure 4: The variation of non-dimensional deflections and stresses through the thickness of a three-layered symmetric curved fibre
composite laminate under sinusoidally distributed thermal load with a/h = 5, To = -45
◦, T1 = 45
◦.
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Figure 5: The variation of non-dimensional deflections and stresses through the thickness of a four-layered anti-symmetric curved fibre
composite laminate under sinusoidally distributed mechanical load with a/h = 5, To = -45
◦, T1 = 45
◦.
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Figure 6: The variation of non-dimensional deflections and stresses through the thickness of a four-layered anti-symmetric curved fibre
composite laminate under sinusoidally distributed thermal load with a/h = 5, To = -45
◦, T1 = 45
◦.
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Table 5: Comparison of different structural models in predicting the deflection of a four-layered curvilinear fibres composite laminate
([0± 〈45/0〉]s) under uniform pressure load against available solutions [22].
a/h
5 10 20 50
HSDT13 -3.823 -2.393 -1.995 -1.882
HSDT11A -3.730 -2.317 -1.930 -1.814
HSDT11B -3.822 -2.393 -1.995 -1.882
TSDT7 -3.368 -2.214 -1.899 -1.807
FSDT5 -3.671 -2.298 -1.922 -1.811
2D equivalent [22] -4.002 -2.396 -1.943 -1.805
FEM S8R [22] -3.761 -2.311 -1.913 -1.796
FEM C3D20R [22] -4.630 -2.520 -2.000 -1.820
mechanical loading, whereas, for thermal loading, HSDT11B model yields accurate solutions in comparison
with those of the full structural model considered here, viz., HSDT13.
• The choice of HSDT11A or HSDT11B in evaluating the stress values and the variation of the stresses through
the thickness highly depend on the plate side to thickness ratio and the curvilinear ply angle.
• The performance of higher-order models for anti-symmetric lay-up case, in general, significantly noticeable
over the lower-order models.
• In-plane relative displacement has slope discontinuity at the layer interface whereas the transverse displace-
ment varies quadratically through the thickness.
• Higher-order model HSDT13 may be required for accurate prediction of displacements and stress variation
though the thickness, irrespective of loading situation, ply-angle and lay-up sequence, in particular, for
curvilinear case.
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Table 6: Maximum non-dimensionalized deflections and stresses for a three-layered symmetric curvilinear fibre composite panles under
sinusoidally distributed mechanical load. The influence of plate thickness ratio, the fibre orientation and structural model is illustrated.
a/h Fibre angle (◦) Structural u(−a/2, 0, h/2) w(0, 0, h/2) σxx(0, 0, h/2) τxz(−a/2, 0, 0)
5
[0± 〈−45/45〉]s
HSDT13 -1.236 1.458 0.352 -0.086
HSDT11A -1.235 1.448 0.345 -0.091
HSDT11B -1.170 1.424 0.350 -0.068
TSDT7 -0.961 1.260 0.247 -0.054
FSDT5 -0.993 1.399 0.243 -0.074
[0± 〈−45/30〉]s
HSDT13 -1.265 1.467 0.394 -0.107
HSDT11A -1.264 1.458 0.387 -0.110
HSDT11B -1.214 1.441 0.394 -0.148
TSDT7 -0.995 1.269 0.278 -0.139
FSDT5 -1.024 1.403 0.274 -0.167
[0± 〈−45/15〉]s
HSDT13 -1.229 1.451 0.416 -0.047
HSDT11A -1.227 1.442 0.410 -0.051
HSDT11B -1.198 1.432 0.416 -0.126
TSDT7 -0.976 1.252 0.298 -0.112
FSDT5 -1.003 1.384 0.294 -0.135
10
[0± 〈−45/45〉]s
HSDT13 -0.829 0.757 0.328 0.028
HSDT11A -0.831 0.762 0.329 0.023
HSDT11B -0.803 0.740 0.327 0.064
TSDT7 -0.747 0.692 0.280 0.081
FSDT5 -0.770 0.738 0.275 0.067
[0± 〈−45/30〉]s
HSDT13 -0.894 0.788 0.362 0.023
HSDT11A -0.897 0.794 0.362 0.021
HSDT11B -0.872 0.773 0.358 0.027
TSDT7 -0.811 0.722 0.310 0.060
FSDT5 -0.830 0.765 0.306 0.037
[0± 〈−45/15〉]s
HSDT13 -0.899 0.791 0.371 0.055
HSDT11A -0.901 0.797 0.372 0.054
HSDT11B -0.886 0.779 0.367 0.023
TSDT7 -0.822 0.726 0.323 0.051
FSDT5 -0.838 0.767 0.320 0.032
50
[0± 〈−45/45〉]s
HSDT13 -0.608 0.447 0.333 0.179
HSDT11A -0.608 0.448 0.333 0.177
HSDT11B -0.604 0.445 0.331 0.198
TSDT7 -0.603 0.442 0.329 0.204
FSDT5 -0.605 0.444 0.328 0.197
[0± 〈−45/30〉]s
HSDT13 -0.695 0.497 0.354 0.227
HSDT11A -0.695 0.497 0.354 0.226
HSDT11B -0.691 0.494 0.350 0.244
TSDT7 -0.688 0.491 0.350 0.254
FSDT5 -0.689 0.493 0.349 0.247
[0± 〈−45/15〉]s
HSDT13 -0.732 0.524 0.352 0.190
HSDT11A -0.732 0.525 0.352 0.190
HSDT11B -0.730 0.523 0.349 0.189
TSDT7 -0.726 0.520 0.348 0.190
FSDT5 -0.728 0.522 0.348 0.188
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Table 7: Maximum non-dimensionalized deflections and stresses for a three-layered symmetric curvilinear fibre composite panels under
sinusoidally distributed thermal load. The influence of plate thickness ratio, the fibre orientation and structural model is illustrated.
a/h Fibre angle (◦) Structural u(−a/2, 0, h/2) w(0, 0, h/2) σxx(0, 0, h/2) τxz(−a/2, 0,−h/6)
5
[0± 〈−45/45〉]s
HSDT13 -27.950 34.367 6.221 -244.644
HSDT11A -25.290 23.968 -90.977 -244.895
HSDT11B -26.522 33.741 -14.033 -231.722
TSDT7 -21.954 21.679 -203.089 -227.654
FSDT5 -22.120 22.513 -223.965 -234.282
[0± 〈−45/30〉]s
HSDT13 -29.665 35.595 160.573 -315.784
HSDT11A -27.032 25.227 60.893 -314.015
HSDT11B -28.365 35.105 149.233 -321.485
TSDT7 -23.465 22.699 -84.625 -303.010
FSDT5 -23.639 23.600 -107.980 -315.750
[0± 〈−45/15〉]s
HSDT13 -28.904 35.332 252.264 -273.893
HSDT11A -26.331 24.978 151.906 -269.167
HSDT11B -27.907 35.083 244.267 -274.903
TSDT7 -23.315 22.501 -5.351 -250.441
FSDT5 -23.528 23.427 -28.973 -262.651
10
[0± 〈−45/45〉]s
HSDT13 -20.642 19.893 87.577 -88.406
HSDT11A -19.915 17.226 61.182 -90.070
HSDT11B -19.997 19.521 94.325 -81.138
TSDT7 -18.448 15.908 -40.625 -80.442
FSDT5 -18.949 16.578 -62.509 -84.812
[0± 〈−45/30〉]s
HSDT13 -22.462 20.916 210.949 -100.217
HSDT11A -21.751 18.257 184.324 -101.110
HSDT11B -21.866 20.560 209.106 -99.162
TSDT7 -20.205 16.856 73.668 -90.195
FSDT5 -20.667 17.499 54.317 -98.292
[0± 〈−45/15〉]s
HSDT13 -22.372 20.941 260.079 -79.427
HSDT11A -21.675 18.285 233.383 -79.320
HSDT11B -21.998 20.676 256.181 -80.453
TSDT7 -20.482 16.978 133.370 -70.373
FSDT5 -20.856 17.546 118.235 -77.477
50
[0± 〈−45/45〉]s
HSDT13 -15.276 11.527 196.482 -7.135
HSDT11A -15.252 11.423 195.945 -7.318
HSDT11B -15.179 11.472 191.699 -6.768
TSDT7 -15.122 11.269 183.538 -6.786
FSDT5 -15.165 11.330 178.293 -7.200
[0± 〈−45/30〉]s
HSDT13 -17.259 12.915 263.560 -3.884
HSDT11A -17.234 12.811 262.923 -4.063
HSDT11B -17.158 12.851 255.328 -3.656
TSDT7 -17.060 12.652 251.140 -3.400
FSDT5 -17.104 12.704 247.428 -3.846
[0± 〈−45/15〉]s
HSDT13 -18.077 13.730 266.365 -3.164
HSDT11A -18.051 13.625 265.507 -3.317
HSDT11B -18.034 13.687 258.147 -3.145
TSDT7 -17.934 13.505 254.992 -3.126
FSDT5 -17.971 13.545 252.778 -3.303
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Table 8: Maximum non-dimensionalized deflections and stresses for a four-layered anti-symmetric curvilinear fibre composite panels
(〈−45◦, 45◦〉, 〈45◦,−45◦〉, 〈−45◦, 45◦〉, 〈45◦,−45◦〉) under sinusoidally distributed mechanical load.
a/h Structural u(−a/2, 0, h/2) w(0, 0, h/2) σxx(0, 0, h/2) τxz(−a/2, 0, 0)
5
HSDT13 -1.006 1.338 0.316 -0.068
HSDT11A -0.998 1.317 0.307 -0.075
HSDT11B -0.983 1.299 0.305 -0.051
TSDT7 -0.737 1.104 0.174 0.027
FSDT5 -0.565 1.104 0.279 0.122
10
HSDT13 -0.727 0.667 0.286 0.013
HSDT11A -0.728 0.671 0.285 0.010
HSDT11B -0.720 0.647 0.277 0.032
TSDT7 -0.653 0.600 0.237 0.068
FSDT5 -0.578 0.574 0.276 0.171
50
HSDT13 -0.561 0.398 0.250 0.164
HSDT11A -0.561 0.399 0.250 0.162
HSDT11B -0.560 0.397 0.250 0.168
TSDT7 -0.557 0.394 0.249 0.165
FSDT5 -0.531 0.381 0.257 0.311
Table 9: Maximum non-dimensionalized deflections and stresses for a four-layered anti-symmetric curvilinear fibre composite panels
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